and z. This is a famous unsolved problem on Pythagorean numbers. In this paper we broadly extend many of classical well-known results on the conjecture. As a corollary we can verify that the conjecture is true if a − b = ±1.
Introduction
Let N = {1, 2, 3, . . .} be the set of positive integers. For positive integers a, b, c, we call (a, b, c) a Pythagorean triple if a where x, y, z ∈ N. This field has a long history. Originally, this problem was considered for fixed triples (a, b, c) . Using elementary congruences, the quadratic reciprocity law and factorizations in number fields, several authors determined complete solutions of (1.1) for small values of a, b, c (see for example [Ha,Mak,Na,Uc] ). We consider the case where a, b, c > 1. By the theory of Diophantine approximations, we can examine the solutions of (1.1). By Baker's theory of linear forms in logarithms, we can obtain effectively computable upper bounds for the size of solutions of (1.1), which may be generally very large (see for example [Hi] ). Eq. (1.1) can be regarded as a kind of unit equation, and its theory gives upper bounds for the number of solutions of (1.1). In particular, using a result in [BS] , one can conclude that the number of solutions of (1.1) is at most 2 36 . In case where divisibility properties of x, y, z are given, we may connect (1.1) to other Diophantine equations, in particular, generalized Fermat equations (cf. [Co, Ch. 14] ).
Almost all of the recent works concern various families of triples (a, b, c) , for example, Pythagorean triples (cf. [DC, Le, Miy, Miy2] 
where m and n are relatively prime positive integers of different parities with m > n. We will always consider the above expressions. After the work of Jeśmanowicz, Lu [Lu] first verified that Conjecture 1 is true for infinite number of triples.
We remark that m may be any positive even integer in the case of n = 1. Later, extending earlier results, Dem'janenko [De] proved the following result. [DC, Miy, Miy2] .
In this paper we broadly generalize both Propositions 1 and 2 by proving the following results. In the next section we prepare some preliminary lemmas for the proofs of Theorems 1 and 2. It is crucially important to know the parities of exponential variables x, y, z for Conjecture 1. Using the parameters introduced by the author in [Miy], we give useful lemmas to examine the parities of x and z. Further we quote a classical well-known result on Diophantine equations due to Euler. In the remaining sections we prove Theorems 1 and 2. An important step in the proofs is to show that x, y, z are all even. We observe that this yields sharp upper bounds for x, y, z. On the other hand, by congruence reductions, we can obtain congruence relations among the solutions, which yield sharp lower bounds for hypothetical solutions. Finally we observe that hypothetical solutions lead to contradictions, and complete the proofs.
Usually, in solving exponential Diophantine equations, one should use the theory of linear forms in (two) logarithms (see for example [La,Mi] ). They may give sharp upper bounds for solutions (cf. [Be, CM,Le,Te] ). We remark that the proofs of our results do not depend on Baker's theory of linear forms in the logarithms. Although one can prove our results by the theory, such methods will lead to hard computations.
In what follows, we consider the equation
where x, y, z ∈ N.
Preliminaries
In this section we prepare some lemmas for the proofs of Theorems 1 and 2. First we give lemmas to examine the parities of exponential variables x and z. It is crucially important to know the parities of x, y, z for Conjecture 1.
The following notation have already been defined by the author in [Miy] . Since m ≡ n (mod 2), we can write n ≡ e (mod 4) if m is even, and m ≡ e (mod 4) if m is odd, where e ∈ {1, −1}. By Proposition 1, we may assume that n > 1. Then we can define integers α, β (α 1, β 2), and positive odd integers i, j as follows:
In what follows, we consider the case where 2α = β + 1. The following two lemmas will be used to determine parities of exponential variables. In particular, Lemma 2.1 will play an important role in the proofs. For a non-zero integer k, we denote ord 2 (k) by the exact power of 2 in k.
Lemma 2.1. We assume that
Proof. This is a direct consequence of [Miy, Lemma 3.1]. But, for the sake of completeness, we prove this lemma here.
Assume that 2α = β + 1. We consider the case where m is even. As defined in (2.1), we put m = 2 α i and n = 2 β j + e. Let (x, y, z) be a solution of (1.2). It is easy to see that x is even by taking (1.2) modulo 4. Suppose that x ≡ z (mod 2), that is, z is odd. Taking (1.2) modulo 2 2α+1 , we have
Since n is odd and x ≡ z (mod 2), we see that
Since ord 2 ((2mn) y ) = (α + 1) y and 2α = β + 1, it follows that
This implies that α = 1 and y = 1, or α = β and y = 1. Therefore, if y > 1, then x ≡ z (mod 2).
Similarly, we can prove the lemma for the case where m is odd. 2 Lemma 2.2. We assume that 2α = β + 1. Let (x, y, z) be a solution of (1.2). If x and z are even, then X ≡ Z (mod 2), where X = x/2 and Z = z/2.
Proof.
Assume that x and z are even. We can write x = 2 X and z = 2Z , where X, Z ∈ N. We define positive even integers D and E by 
The following is a classical well-known result due to Euler [Eu] . It is an analogue of the case n = 3 for Fermat's last theorem, and will be used in the proof of Theorem 1. In this section we prove that Conjecture 1 is true if a ≡ −1 (mod b).
By Proposition 1, we may assume that n > 1. First, we prove an important lemma.
Lemma 3.1. With the notation in (2.1), the following (i), (ii) and (iii) hold.
(ii) m is divisible by 2t. In particular, m is even and n is odd.
(iii) 2α = β + 1.
Proof. From (3.1) we see that (U , V ) = (m − nt, n) is a positive solution of the Pellian equation
Since the fundamental solution of the above Pellian equation is t + √ t 2 + 1, all of the pairs (m, n) are given by m = U l + t V l , n = V l , where positive integers U l , V l are defined by
(i) Since V l = n > 1, we see that l 3, hence n = V l V 3 = 4t 2 + 1. (ii) This follows from the facts that U 1 + t V 1 = 2t and
(iii) As defined in (2.1), we put m = 2 α i and n = 2 β j + e. We know from (ii) that 2 α i is divisible by 2t, in particular, ord 2 (2t) α since i is odd. It follows from (3.1) that
Hence it suffices to check that ord 2 (m
By (i) in Lemma 3.1, we see that m > n 3. Let (x, y, z) be a solution of (1.2). We prepare several lemmas.
Lemma 3.2. x and z are even.
Proof. Taking (1.2) modulo m,
Hence x is even since m 3.
, hence z is also even since n 3. 2 By Lemma 3.2, we can write x = 2 X and z = 2Z , where X, Z ∈ N. Note that y > 1 as we observed in the proof of Lemma 2.2.
Lemma 3.3. 4t X ≡ 4t Z (mod mn).
Proof. We see from (3.1) that n
Since y > 1, it follows from (1.2) that
Similarly, taking (1.2) modulo n 2 , we may show that 4mnt X ≡ 4mnt Z mod n 2 .
Since gcd(m, n) = 1, we find that
We define positive even integers D and E as follows:
It is easy to see that gcd(D, E) = 2, and
From (3.2) and (3.3) we see that
Lemma 3.4. X and Z are odd.
Proof. By Lemma 2.2 and (iii) in Lemma 3.1, we see that X ≡ Z (mod 2). Suppose that X and Z are even. Then
Then (3.4) yields D = 2, which is clearly absurd. We conclude that X and Z are odd. 2
By Lemma 3.4, we see that
It follows from (3.4) that 
where integers k, l satisfy the condition
where integers u, v satisfy the condition
Note that u, v are odd.
We will obtain a sharp upper bound for Y .
Lemma 3.6. We have
Proof. Since X is odd and 4kl
where we take the proper sign for which ord 2 (u ± v) 2. Since
We are ready to complete the proof of Theorem 1 in the case a ≡ −1 (mod b). If X = Z , then (i) in Lemma 3.1, Lemma 3.3 and Lemma 3.6 yield m m n
, which does not hold. Hence X = Z .
Since X is odd and b
which gives that Y = 1, so X = Z = 1. We conclude that Conjecture 1 is true if a ≡ −1 (mod b).
Example 3.1. As we observed in the proof of Lemma 3.1, we can obtain all of the pairs (m, n) satisfying (3.1). For example, putting l = 1, we have pairs (m, n) = (2t, 1) with t 1, which is just Proposition 1. Putting l = 3, we have pairs (m, n) = (8t 3 + 4t, 4t 2 + 1) with t 1.
The case a ≡ 1 (mod b)
In this section we prove that Conjecture 1 is true if a ≡ 1 (mod b). The proof will proceed as well as the preceding section. (i) n is divisible by 2t. In particular, m is odd and n is even.
(ii) 2α = β + 1.
Proof. From (4.1) we see that (U , V ) = (m − nt, n) is a positive solution of the Pellian equation
Since the fundamental solution of the above Pellian equation is 2t 2 + 1 + 2t √ t 2 + 1, all of the pairs (m, n) are given by m = U l + t V l , n = V l , where positive integers U l , V l are defined by
(i) This easily follows from the above.
(ii) Similar to Lemma 3.1. 2
By (i) in Lemma 4.1, we see that m > n 2.
Let (x, y, z) be a solution of (1.2). We prepare several lemmas. Proof. Suppose that y = 1. We will observe that this leads to a contradiction. Note that x is odd. We see from (4.1) that m
Since gcd(m, n) = 1, it follows from (1.2) that 2tx + 2 ≡ 4t Z (mod n).
Taking this modulo a, we have 2 ≡ 0 (mod a), which is clearly absurd. 2
By Lemma 4.3, we can write x = 2 X , where X ∈ N. We define D, E as in the preceding section. Similarly to the proof of Lemma 3.4, we may show that X , Z are odd and 4t X ≡ 4t Z (mod mn). From (i) in Lemma 4.1 we see that 2 X ≡ 2Z (mod m). Hence X ≡ Z (mod 2m), since m is odd and X − Z is even. Furthermore, since 
We consider the cases n ≡ 0 (mod 3) and n ≡ 0 (mod 3) separately. First, we consider the case where n ≡ 0 (mod 3). Since n 2 ≡ 1 (mod 3), we see that m ≡ 2 (mod 3) and m 2 −n 2 ≡ 0 (mod 3). Taking the first equation in (4.4) modulo 3, we have 2
This implies that Z is even, which is absurd.
Finally, we consider the case where n ≡ 0 (mod 3). Since m = 1 + n 2 , it follows from (4. [Di, ). Some histories are written in it. For example, Fermat gave an easy method to find such triples.
Proof of Theorem 2
In this final section we prove Theorem 2. The proof will proceed in a manner similar to the proof of Theorem 1.
